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In this paper, we investigate the potential-driven inflation models with a disformal coupling to
Einstein Gravity, to find out the effects of such a coupling on these models. We consider a simple
coupling form which introduces only one parameter, and three inflation models, namely the chaotic
inflation, the Higgs inflation, and the monodromy inflation. We find that the disformal coupling can
have some modifications to the observational variables of these models such as the power spectrum,
the spectral index as well as the tensor/scalar ratio, although not too large due to the constraints on
the disformal coupling parameter. With these modifications, one has the opportunity of improving
models that lie on the edge of the favorable regions of Planck observational data, such as monodromy
inflation. Moreover, the non-trivial sound speed of tensor perturbations (gravitational waves) may
come out, due to the coupling of gravity and kinetic terms of the field.
I. INTRODUCTION
One of the most mysterious fields in our Universe might
be the inflaton field [1–3] that played an important role
in the early stages of cosmic evolution. By having a few
assumptions such as slow-rolling, it can not only drive
the fast acceleration (inflation) of the universe which si-
multaneously solves several Big-Bang problems, but also
generate appropriate amount of primordial fluctuations
that can explain CMB anisotropies and the formation of
Large Scale Structures.
To extend its strength, inflation could also be coupled
to gravity. The simplest case of such a consideration is
the Brans-Dicke theory [4], which later on has been ex-
tended to the so-called scalar-tensor theory [5], where
what couples to gravity is an arbitrary function of the
inflaton φ. Such a case has been applied on many infla-
tion models, the most famous of which might be that on
Higgs inflation [6], where the inflaton field is recognized
as the Higgs field appeared in Standard model of particle
physics. In [6] it was shown that such coupling could help
Higgs inflation reconcile the inconsistency of constraints
coming from particle physics and cosmology. Other forms
of coupling also have been investigated, for instance, the
nonminimal kinetic coupling where the kinetic term of
the field couples to gravity, mainly via Einstein tensor,
Gµν [7], which can improve the model facing with the ob-
servational data [8], and can also help the Higgs inflation
alleviate the problem of unitarity [9] (also see applica-
tions to curvaton models [10]). More examples include
coupling with Gauss-Bonnet term [11], coupling to tor-
sion [12, 13], etc.
Among these various couplings, we now consider a kind
of “disformal coupling”, which is based on the so-called
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“disformal” relationship between two metrics in terms of:
g˜µν = A(φ,X)gµν +B(φ,X)∂µφ∂νφ , (1)
where φ is some scalar field with its kinetic term X ≡
−∂µφ∂µφ/2, and A andB are arbitrary functions. This is
a generalization of the “conformal” relationship in which
B = 0, and is first proposed by Bekenstein [14]. Ac-
cording to this relationship, when the gravity and matter
parts belong to these two metrics separately, a coupling
of the field to gravity/matter will appear as one discuss
on either metric, which can cause physical significance.
For instance, such a coupling is interestingly shown to
cause variation of fundamental constants such as speed
of light [15–17], and may also lead to nontrivial sound
speed of scalar perturbations and tensor perturbations
in the early universe [18, 19]. Therefore, it has also been
applied to many aspects of cosmology, including inflation
[20–23] (especially cosmological perturbation theory [24–
27]), dark energy [28–35], dark matter [36–40], massive
gravity [41, 42] and so on. In [43–47] the (in)variance
under such a disformal transformation in Horndeksi and
beyond Horndeski theories have been investigated, which
help us better understand those general theories. See also
[48–54] for various constraints on this coupling by astro-
physical observations, and [55] for recent reviews.
In this paper, we consider the inflation models dis-
formally coupled to gravity in a little bit more detail,
namely how the astrophysical variables (such as power-
spectrum Pζ , spectral index ns and tensor/scalar ratio r)
of these models can be affected when such a coupling gets
involved in. We consider only inflation which is driven
by its potential in the form of power-law, with three typi-
cal examples: chaotic inflation, Higgs inflation and mon-
odromy inflation. The rest of the paper is scheduled as
follows: in Sec. II we performed the model in its general
way and transform it to its Einstein frame, where we
consider a simple form of coupling which contains only
one more parameter, in Sec. III we take into account
the explicit examples and calculated the observational
variables such as power spectrum, spectral index, and
tensor/scalar ratio. and show their relations with the
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2disformal coupling parameter. We also discuss the ef-
fects on the sound speed of tensor perturbations. Sec.
IV includes our conclusions.
II. INFLATION WITH DISFORMAL
COUPLING TO GRAVITY
In this paper, we consider the inflation model with the
following action:
S =
∫
d4x
√
−g˜
[
m2p
2
f(φ)R˜− 1
2
∇˜µφ∇˜µφ− V (φ)
]
+S[gµν , ψ] , (2)
where g˜ and g are the metric for gravity and matter part
respectively, φ is viewed as inflaton field, and ψ is the
matter field. Here we also consider the nonminimal cou-
pling of the inflaton field to Riemann scalar in terms of
function f(φ), which will be useful in discussing some in-
teresting inflation model such as Higgs inflation. If the
two metrics are identical to each other, action (2) will be-
come that of a normal canonical inflation, which is quite
trivial. However, when the two metrics are related by
the disformal relationship as given in Eq. (1), nontrivial
couplings will appear which makes the behavior of the
field different.
The difference in metric allows one to write the model
in different frames. We denote the frame where the mat-
ter is minimally coupled with the field the Jordan frame,
while that where the gravity is minimally coupled with
the field the Einstein frame [69]. Different from the case
of conformal coupling, in Jordan frame of disformal cou-
pling models, gravity will be nontrivial coupled not only
with inflaton field itself, but also with its derivative. In
the following, we will consider how such a coupling will
affect the behavior of inflation.
A. background formulation
For the sake of simplicity, we consider the functions A
and B in relation (1) to be functions of φ only. Thus we
furtherly have:
g¯µν = Ω−2
(
gµν − 1
1 + u2
uµuν
)
, (3)
√−g¯ = Ω4
√
1 + u2
√−g , (4)
with Ω2 = A(φ), uµ ≡ √B(φ)/A(φ)∇µφ, uµuµ = u2.
This can be useful in the reconstruction of action in the
Jordan frame.
It will be a tedious formulation to get the Jordan frame
action, which we will leave in the appendix A. However,
as has been pointed in [34], it can actually be embedded
into the famous Horndeski action, where all the formula-
tions for Horndeski theory are applicable. According to
our calculation, the Horndeski-type Jordan frame action
of our model reads:
SD =
∫
d4x
√−g
{
K(φ,X) +G3(φ,X)2φ+G4(φ,X)R
+G4,X [(2φ)
2 − (∇µ∇νφ)(∇µ∇νφ)]
}
(5)
with
K(φ,X) = A(φ)
{ [ω(φ)−m2pf(φ)L1(φ)]√
1− 2g(φ)2X X +√
1− 2g(φ)2X[f(φ)L2(φ)X − V (φ)A(φ)]
}
,
G3(φ,X) =
m2p
2
L3(φ)f(φ)[−A(φ) + 4B(φ)X]√
1− 2g(φ)2X ,
G4(φ,X) =
m2p
2
A(φ)f(φ)
√
1− 2g(φ)2X , (6)
here we also define the functions Li(φ), i = 1, 2, 3 as:
L1(φ) ≡ lnA(φ)
∣∣∣2
φ
+ 2 lnA(φ)
∣∣∣
φ
ln f(φ)
∣∣∣
φ
+
1
2
lnB(φ)
∣∣∣2
φ
+ lnB(φ)
∣∣∣
φ
ln f(φ)
∣∣∣
φ
,
L2(φ) ≡ ln[A(φ)B(φ)f(φ)2]
∣∣∣∣∣
φφ
+
1
2
ln[A(φ)B(φ)f(φ)2]
∣∣∣∣∣
2
φ
,
L3(φ) ≡ ln[A(φ)B(φ)f(φ)2]
∣∣∣∣∣
φ
, (7)
where |φ denotes derivative with respect to φ.
This is a quite complicated action, and as one can
see, the kinetic term appeared in G4, so it will be dif-
ferent from normal nonminimal coupling inflation mod-
els. However, we set out a simple case of disformal
transformation (1), by assuming A(φ) = f(φ)−1, and
B(φ)/A(φ) = M = const.. The choice of A is to compen-
sate for the nonminimal coupling in the original action
(2), as was done for Higgs inflation models [6]. Therefore
the transformation brings only one parameter, M , and
this is one of the minimal extensions of conformal trans-
formation where M = 0. Note that M actually stands
for the scale of interaction between the kinetic term of
the field and gravity, or in other words, the scale where
the nontrivial part of disformal coupling takes part. In
such a case, the Jordan frame action will be Eq. (5) with
K(φ,X) =
K¯(φ)X√
1− 2MX − V¯ (φ)
√
1− 2MX ,
G3(φ,X) = 0 ,
G4(φ,X) =
m2p
2
√
1− 2MX , (8)
with L1 = −(3/2)[ln f(φ)]|2φ, L2 = L3 = 0. Moreover, we
defined
K¯(φ) =
ω(φ)
f(φ)
+
3m2p
2
fφ(φ)
2
f(φ)2
, V¯ (φ) =
V (φ)
f(φ)2
. (9)
3One can get the Friedmann equations and equation
of motion of this model straightforwardly from such an
action, as the most general case has been discussed in
[57, 58]. According to Eqs. (8), the Friedmann equations:
3H2 =
4H2G4δKX −K
2G4(1− 8δG4X − 8δG4XX) ,
=
K¯X + (1− 2MX)V¯
m2p
, (10)
−(3H2 + 2H˙) = 1
2G4(1− 4δG4X)
[
K + 4H2G4(−4δG4Xδφ
−8δG4XXδφ)
]
=
K¯X − (1− 2MX)V¯
m2p
− 8H2δG4Xδφ ,(11)
and the equation of motion:
J˙ + 3HJ − P = 0 , (12)
where
J = φ˙KX + 6H2φ˙(G4X + 2XG4XX) = K¯φ˙
(1− 2MX)1/2 ,(13)
P = Kφ = K¯φX√
1− 2MX − V¯φ
√
1− 2MX . (14)
Note that the equation of motion is also equivalent to the
second-order equation form: φ¨+ (1− 2MX)[3Hφ˙+ (1−
2MX)(V¯φ/K¯) +XK¯φ/K¯] = 0.
B. perturbations
From action (5), it is also straightforward to get the
scalar and tensor perturbations. The perturbed line ele-
ment with metric gµν is written as:
ds2 = −N2dt2+a2(t)e2ζδij+2γij (dxi+N idt)(dxj+N jdt)
(15)
where N and N i are the lapse function and shift vector,
while ζ and γij are scalar and tensor perturbations, re-
spectively. Moreover, it is useful to define the so-called
“slow-varying” parameters [58]:
δφ ≡ φ¨
Hφ˙
, δG4 ≡ G˙4
HG4
,
δKX ≡ KXX
2H2G4
=
X[(1−MX)K¯ +M(1− 2MX)V¯ ]
m2pH
2(1− 2MX)2 ,
δKXX ≡ KXXX
2
2H2G4
=
MX2[(2−MX)K¯ +M(1− 2MX)V¯ ]
m2pH
2(1− 2MX)3 ,
δG4X ≡ G4XX
2G4
= − MX
2(1− 2MX) ,
δG4XX ≡ G4XXX
2
2G4
= − M
2X2
2(1− 2MX)2 ,
δG4XXX ≡ G4XXXX
3
2G4
= − 3M
3X3
2(1− 2MX)3 , (16)
for later use. We see that there are some simple but
useful relations between those parameters, namely
δG4 = 4δG4Xδφ , δG4XX = −2δ2G4X , δG4XXX = 12δ3G4X .
(17)
The perturbed action for tensor perturbation is [57,
58]:
S
(2)
T =
1
8
∫
dtd3xa3[GT γ˙2ij − a−2FT (∇γij)2] (18)
where in our model,
GT =
m2p√
1− 2MX , (19)
FT = m2p
√
1− 2MX . (20)
The sound speed squared for tensor perturbation is
c2T ≡
FT
GT = 1− 2MX , (21)
which means that unlike the conformal coupling mod-
els, in the disformal coupling models the sound speed of
tensor mode will deviate from 1, which indicates a differ-
ent propagation speed of gravitational waves than that of
light. The equation of motion for γij derived from action
(18) is:
γ′′ij − c2T∇2γij +
(a2GT )′
a2GT γ
′
ij = 0 , (22)
with the solution
γij = constant ,
∫
dt
a3(t)GT . (23)
Therefore the power spectrum for tensor perturbations is
PT ≡ k
3
2pi2
|γij |2 = 2H
2
FT cTpi2
=
2H2
pi2m2p(1− 2MX)
, (24)
4and the spectral tilt:
nT ≡ d lnPT
d ln k
= −2+ 1
2
gT − 3
2
fT , (25)
where fT ≡ F˙T /(HFT ) and gT ≡ G˙T /(HGT ) are defined.
The scalar perturbation can be obtained in like man-
ner. The perturbed action for scalar perturbation is
[57, 58]:
S
(2)
S =
∫
dtd3xa3[GS ζ˙2 − a−2FS(∇ζ)2] (26)
where in our model,
GS = 2G4
[
6δG4X +
δKX + 2δKXX
(1− 4δG4X)2
]
= 2G4
K¯X
m2pH
2(1− 2MX) , (27)
FS = 2G4(+ 4δG4Xδφ) = 2G4 K¯X
m2pH
2
, (28)
where in the last steps of Eqs. (27) and (28) we’ve made
use of the definitions of the slow-varying parameters in
(16), as well as the Friedmann equations (10)-(11), from
which we can get:
K¯X = H2m2p(+ 4δG4Xδφ) . (29)
The sound speed for scalar perturbation is therefore
c2S ≡
FS
GS = 1− 2MX , (30)
which has the same behavior as that of c2T . Moreover,
similar to the tensor perturbation, the equation of motion
for ζ derived from action (26) is:
ζ ′′ − c2S∇2ζ +
(a2GS)′
a2GS ζ
′ = 0 , (31)
with the solution
ζ = constant ,
∫
dt
a3(t)GS . (32)
Therefore the power spectrum for scalar perturbations is
PS ≡ k
3
2pi2
|γij |2 = H
2
8FScSpi2
=
H4
8pi2K¯X(1− 2MX) , (33)
and the spectral tilt:
nS ≡ 1 + d lnPS
d ln k
= 1− 2+ 1
2
gS − 3
2
fS
= 1− 4K¯X
H2m2p
−
˙¯K
HK¯
− 2
1− 2MXδφ , (34)
where fS ≡ F˙S/(HFS) and gS ≡ G˙S/(HGS) are defined.
Moreover, from (24) and (33) we can get the ten-
sor/scalar ratio:
r ≡ PT
PS
= 16
K¯X
m2pH
2
. (35)
Note that when G4 = m
2
p/2, δG4X will be vanishing in
Eq. (29), and thus r = 16 which recovers the consistency
relation.
III. APPLYING TO POTENTIAL DRIVEN
MODELS
A. models with two “slow-roll conditions”
In this section, we consider the application of the above
analysis to a large category of inflation models, which
is driven mainly by its potential. Usually, in inflation
models (especially slow-roll models), two kinds of “slow-
roll conditions” will be admitted: one is to let K¯X =
K¯φ˙2/2 V¯ . In this case, the first Friedmann equations
(10) can be rewritten as
3m2pH
2 ' (1− 2MX)V¯ . (36)
The other is to let φ¨  Hφ˙. In this case, the second
Friedmann equation (11) and the equation of motion now
becomes:
H˙ ' −K¯X/m2p , (37)
(1− 2MX)
[
3Hφ˙+ (1− 2MX) V¯φ
K¯
]
' 0 , (38)
from which we get
φ˙ ' −(1− 2MX) V¯φ
3HK¯
. (39)
If the two slow-roll conditions are both satisfied, like
most cases of inflation models, from the above we can get
the slow-roll parameter
 ≡ − H˙
H2
' m
2
p
2K¯
V¯ 2φ
V¯ 2
, (40)
and for minimal coupling case in the original action (2)
where K¯ = 1, it reduces to the normal slow-roll inflation
case. The efolding-number which describes the duration
of inflation now reads:
N ≡
∫ t0
te
Hdt =
∫ φ0
φe
H
φ˙
dφ =
1
m2p
∫ φ0
φe
V¯
V¯φ
K¯dφ , (41)
where the subscript 0 and e represent the begining and
ending time of inflation, respectively. Since at the end of
inflation we have (φe) = 1, and by requiring N(φ0, φe) =
60 we can get φ0, the initial value of φ where inflation
5starts. This is a very standard way of getting initial
conditions that satisfy slow-roll conditions.
Note that for both two quantities, the factor 1−2MX
in (36) and (39) compensate to each other, and actually
do not have any effect. Moreover, from the results in last
section one can get:
PS =
K¯V¯ 3
12pi2m6pV¯
2
φ
, ns = 1− 2
m2pV¯
2
φ
V¯ 2K¯
, r =
8m2pV¯
2
φ
V¯ 2K¯
,
(42)
namely the observable quantities such as scalar and ten-
sor power spectrum does not depend on the parameter of
disformal coupling M either. Although the dependence
appears in form of 1− 2MX in Eqs. (33), (34) and (35),
it is again compensated by the dependence of the initial
conditions, namely φ˙ (or X) in (39). Therefore in the
case where both the two “slow-roll conditions” are rigidly
satisfied, the disformal coupling could not actually make
any difference on the observables, although it does have
effects on sound speeds of both tensor and scalar pertur-
bations. This is also in consistency with the conclusion
made in [24–27] that the perturbations are invariant un-
der such a disformal transformation.
As a side remark, using the Friedmann equation (36),
one can get another form of φ˙:
φ˙ ' − mpV¯φ√
3V¯ K¯
(
1 +M
m2pV¯
2
φ
3V¯ K¯2
)− 12
, (43)
where φ˙0 = φ˙(φ0) gives initial condition for φ˙. From the
expression we can see that, to guarantee that φ˙ is a real
number, the paramater M should satisfy
0 ≥M ≥ −3V¯ K¯
2
V¯ 2φ
, (44)
Moreover, for |M |  1, the initial value of φ˙ reduces
to that of standard slow-roll condition as expected, for
|M |  1, on the other hand, we have φ˙ = −1/√M ,
nearly a constant.
B. models with one “slow-roll condition” violated
Since we are considering potential-driven inflation, we
identify that the first “slow-roll condition” should be sat-
isfied. However, there will sometimes be cases that the
second condition is not satisfied, for instance, in ultra-
slow-roll/constant-roll inflation models [59], φ¨ and Hφ˙
will be of the same order. In those cases, we cannot
get the initial condition of φ˙ by relying on Eq. (39).
Another choice of initial condition is to get a somehow
“fixed” value of (φ0, φ˙0), by setting them to be the ones
calculated when, say, M = 0. By such an imposing we
screened the effects of M on the initial values, which can
give us pure M -dependence on observable quantities dur-
ing field evolution.
1. chaotic inflation
We will first consider the chaotic inflation, proposed
by A. Linde in the 1980’s [3], which is among the earliest
inflation models. The model requires
f(φ) = 1 , V (φ) =
λ
4
φ4 , (45)
which makes it easy to find out the initial values of φ and
φ˙:
φ0 = 2
√
2(N + 1)mp , φ˙0 = −4
√
2λ(N + 1)
3
m2p , (46)
where N is the efolding number of the inflation. The
current observation is normalized at the time point when
N = 60. Moreover, applying the first slow-roll condition
(36) to Eqs. (33), (34) and (35), the scalar spectrum,
spectral index and the tensor/scalar ratio are
PS =
32(1− 2MX)λ2(N + 1)4m4p
9pi2X
, (47)
nS = 7− 6
√
1− 2MX
− 3X
4λ(1− 2MX)(N + 1)2m4p
, (48)
r =
3X
(1− 2MX)λ(N + 1)2m4p
, (49)
From which one can see the M -dependence of the per-
turbation variables. Since M is a negative value, one
can see that when |M | gets enlarged, it will cause an
enhancement of PS (scalar spectrum) and a suppression
of r (tensor/scalar ratio) or vice versa, while PT (tensor
spectrum) remains almost unchanged with regard to M .
For enough large |M | so as that |2MX|  1, one has
PS '
64|M |λ2(N + 1)4m4p
9pi2
, (50)
nS ' −8
√
6|M |λ(N + 1)m2p , (51)
r ' 3
2|M |λ(N + 1)2m4p
, (52)
where one can see more clearly the relationship of PS ∝
|M |, nS ∝
√|M |, r ∝ |M |−1. Moreover, for large |M |,
λ is expected to get smaller value in order to meet with
the observational data.
In Fig. 1, we plot the evolutions of various back-
ground variables such as slow-roll parameter , the e-
folding number N and the sound speed squared of ten-
sor perturbation c2T of this model, with initial conditions
chosen according to (46), considering three cases of M
being −109m−4p , −5 × 109m−4p , and −1010m−4p . From
the plot we can see that, although different in M , all the
three cases can have inflation for N up to 60, while as
|M | grows, c2T will deviate from unity. We also plot the
perturbation variables such as the scalar power spectrum
PS , its spectral index nS and the tensor/scalar ratio r in
6FIG. 1: Upper panel: The evolution of the slow-roll parameter , the e-folding number N as well as the sound speed squared
of tensor perturbation c2T of chaotic inflation model, with φ0 ' 22mp, φ˙0 ' −9.26× 10−6m2p, and blue, orange and green lines
correspond to M = −109m−4p , M = −5× 109m−4p , M = −1010m−4p , respectively. Down panel: The scalar power spectrum PS ,
its spectral index nS and tensor/scalar ratio r as functions of the parameters λ and M .
terms of λ and M , and we can see their dependence on λ
and M are consistent with the above analytical analysis.
In Fig. 2 we compare nS and r in this model with the
newest Planck observational data. We show that as |M |
grows, both nS and r decrease (as also shown in the last
plot), but nS has a faster speed. Although the decrease
of r tends to alleviate the dilemma of having too large r
for chaotic inflation models, it may not help much if one
also wants to keep nS inside the allowable region. Maybe
a better way is to have a more complicated form of dis-
formal coupling with more parameters involved, however,
this goes beyond the scope of the current study and can
be postponed in the future.
2. Higgs inflation
We then consider the Higgs inflation, where it is pro-
posed that inflaton is acted by the Higgs boson. Al-
though the potential form is the same as that of chaotic
inflation, due to the constraints from particle physics we
have λ ' 0.13, which cannot guarantee the model be
consistent with the constraints from cosmological obser-
vations. As has been suggested in [6], this problem can be
circumvented by introducing a nonminal coupling term,
namely in this model we have
f(φ) = 1 + ξ
(
φ
mp
)2
, V (φ) =
λ
4
φ4 . (53)
Due to the involvement of f(φ), the analytical solution
of φ0 and φ˙0 becomes complicated. However, since the
usual case we can apply the approximation of ξ  1,
from which we get
φ0 '
√
2(2N +
√
3)
3ξ
mp , φ˙0 ' −
√
λ
18(2N +
√
3)ξ3
m2p ,
(54)
while the scalar spectrum, spectral index and the ten-
sor/scalar ratio are:
PS '
(1− 2MX)λ2(2N +√3)3m4p
2592pi2Xξ5[3 + 2(2N +
√
3)]2
, (55)
nS ' 7− 6
√
1− 2MX
+
432ξ3X
(2N +
√
3)(1− 2MX)λm4p
, (56)
r ' 1728Xξ
3
(1− 2MX)λ(2N +√3)m4p
, (57)
where the M -dependence of the perturbation variables
are the same as the first case, namely will not be changed
by the involvement of nonminimal coupling. This can
7λ=1.×10-12 , PS (M=0)=1.5332×10-8λ=1.×10-13 , PS (M=0)=1.5332×10-9λ=1.×10-14 , PS (M=0)=1.5332×10-10λ=1.×10-15 , PS (M=0)=1.5332×10-11
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FIG. 2: ns-r constraints on chaotic inflation. The black ar-
rows represent the direction of |M | growth. The pink region
represents TT,TE,EE+lowE+lensing+BK15+BAO data con-
straints (68% and 95% CL) for ns and r from 2018 Planck
Collaboration data [60]. Here we choose N = 60, while λ is
set as 10−12, 10−13, 10−14 and 10−15, respectively. P (M=0)S
means the value of PS when M = 0.
also be seen from the approximations for |2MX|  1,
where
PS '
|M |λ2(2N +√3)3m4p
1296pi2ξ5[3 + 2(2N +
√
3)]2
, (58)
nS ' −
√
2|M |m4pλ
(2N +
√
3)ξ3
, (59)
r ' 864ξ
3
|M |λ(2N +√3)m4p
. (60)
On the other hand, it is known that in Higgs infla-
tion, although λ is nearly fixed by the particle physics,
the value of ξ could be large enough to change the re-
sults. One can also obtain the approximations for large
ξ, namely ξ  1, from (55)-(57), which are:
PS ' λ(2N +
√
3)4
72pi2ξ2[3 + 2(2N +
√
3)]2
, (61)
nS ' 1− 12
(2N +
√
3)2
, (62)
r ' 48
(2N +
√
3)2
, (63)
where all the M dependence disappears. The reason
might be that for large ξ, the potential is so flattened
to be closed to a constant, and any effects on the pertur-
bations are dissipated away.
In Fig. 3, we plot the evolutions of slow-roll parameter
, the e-folding number N and the sound speed squared
of tensor perturbation c2T of this model, with initial con-
ditions chosen according to (54), considering three cases
of M being −1012m−4p , −1013m−4p , and −1014m−4p . From
the plot we can see that, all three cases can also have in-
flation for N up to 60, actually very close to each other,
c2T also deviates from unity as |M | grows. The pertur-
bation variables such as the scalar power spectrum PS ,
its spectral index nS and the tensor/scalar ratio r are
plotted as well, in terms of λ and M , with their depen-
dence on λ and M consistent with the above analytical
analysis.
In Fig. 4 we also compare nS and r in this model with
the observational data. Similar to the previous one, as
|M | grows, both nS and r decrease, with nS faster. This
means, while in this case the Higgs model allows nS and
r fall in the favorable region given by the observations,
the involvement of M tend to bring a smaller value of
the spectral index.
3. monodromy inflation
The next example is the so-called monodromy infla-
tion, in which we consider a power-law inflation potential
with its index being a fraction, such as:
f(φ) = 1 , V (φ) = λm4p
(
φ
mp
)2/3
. (64)
Such a potential arises when we take into account of the
UV effects in inflation cosmology, such as those from
string theory, where the back-reaction of other moduli
field are also incorporated although the inflationary po-
tential plays a leading role [61]. This is reasonable as the
field excursion goes beyond the Planckian energy scale
[62, 63]. Phenomenologically, such an inflation model is
consistent with the Planck observational data, but with
its location at the edge of the favorable region, indicating
a little bit high spectral index. From the potential given
above, we can get the initial values of φ and φ˙:
φ0 =
mp
3
√
2(6N + 1) , φ˙0 = −2
2/3
35/6
√
λm2p
(6N + 1)1/3
, (65)
8FIG. 3: Upper panel: The evolution of the slow-roll parameter , the e-folding number N as well as the sound speed squared
of tensor perturbation c2T of Higgs inflation model, with φ0 ' 0.07mp, φ˙0 ' −3.21× 10−9m2p, and blue, orange and green lines
correspond to M = −1012m−4p , M = −1013m−4p , M = −1014m−4p , respectively. Down panel: The scalar power spectrum PS ,
its spectral index nS and tensor/scalar ratio r as functions of the parameters ξ and M .
while the tensor spectrum, scalar spectrum and the ten-
sor/scalar ratio are:
PS =
(1− 2MX)λ2m4p(6N + 1)2/3
27/3 × 310/3pi2X , (66)
nS = 7− 6
√
1− 2MX
− 6
5/3X
(6N + 1)1/3(1− 2MX)λm4p
, (67)
r =
211/3 × 35/3X
(1− 2MX)λm4p(6N + 1)1/3
, (68)
and when |2MX|  1, we have:
PS '
|M |λ2m4p(6N + 1)2/3
24/3 × 310/3pi2 , (69)
nS ' − 2
5/3 × 31/6
(6N + 1)1/3
√
|M |λm2p , (70)
r ' 2
8/3 × 35/3
|M |λm4p(6N + 1)1/3
. (71)
In Fig. 5, we plot the evolutions of slow-roll parameter
, the e-folding number N and the sound speed squared
of tensor perturbation c2T of this model, with initial con-
ditions chosen according to (65), considering three cases
of M being −108m−4p , −109m−4p , and −2×109m−4p . The
three cases can have inflation for N up to 60 as well, and
c2T also deviates from unity as |M | grows. The pertur-
bation variables such as the scalar power spectrum PS ,
its spectral index nS and the tensor/scalar ratio r are
plotted as well, in terms of λ and M , with their depen-
dence on λ and M consistent with the above analytical
analysis.
In Fig. 6 we also compare nS and r in this model with
the observational data. Although the model is favorable
by Planck data, note that in [60] it has been shown that
such a model is close to the edge of the favorable region.
However, in our case, since both nS and r decrease (with
nS faster) as |M | grows, it can make this model more
close to the center of the favorable region. Namely, the
model (and other models with larger nS than needed)
can get improved by means of disformal coupling.
IV. CONCLUSION
In this paper, we investigate the inflation models with
the so-called “disformal coupling” to gravity, which is
based on the disformal transformation of two metrics.
As an extension to conformal coupling, the disformal cou-
pling also introduces the interaction of derivative terms
of the field to the gravity part, which may bring inter-
esting consequences. Therefore it is interesting to pursue
for a better understanding of such a coupling.
We formulate the disformal coupling inflation model
in its Jordan frame, including its Jordan frame action,
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FIG. 4: ns-r constraints on Higgs inflation. We use Higgs
potential V (φ) = λφ4/4 with λ = 0.13. The black ar-
rows represent the direction of |M | growth. The pink region
represents TT,TE,EE+lowE+lensing+BK15+BAO data con-
straints (68% and 95% CL) for ns and r from 2018 Planck
Collaboration data [60]. Here we choose N = 60, and ξ is
set as 1, 100, 104, 1.85 × 104 and 106, respectively. P (M=0)S
means the value of PS when M = 0.
the background equation of motion, as well as the per-
turbations, including tensor and scalar power spectrum
PT /PS , scalar spectral index nS as well as tensor/scalar
ratio r. We consider a simple example of coupling with
only one additional parameter M , and separate our anal-
ysis into two sides.
For models where the two “slow-roll conditions” are
rigorously satisfied, we found that the apparent depen-
dence of the disformal coupling in the expressions of PT ,
PS , ns and r will be compensated by that in the ex-
pressions of initial conditions, and the final results will
coincide with their Einstein frame counterpart, namely
independent on the coupling. This result is in consistency
with those in [24–27], who claimed that the perturbations
in two frames are invariant via disformal transformations.
Moreover, letting φ˙0 to be real number put a further con-
straint on M of 0 ≥ M ≥ −3V¯ K¯2/V¯ 2φ . However, if the
second “slow-roll condition” is not applied, e.g. when
we choose “fixed values” of initial conditions indepen-
dent of the disformal coupling, then the dependence of
PS , ns and r on the coupling will appear. We exem-
plified this with three common models, namely chaotic
inflation, Higgs inflation, and monodromy inflation, and
found that for all the three models, the enlargement of
|M | will amplify PS and reduce nS and r, and vice versa.
As is shown in our numerical results, this effect cannot
help alleviate the dilemma of chaotic inflation, however
it does have effect on making the monodromy inflation
more favorable to the data. Since these models all belong
to large field inflation model, albeit lack of rigid proof,
it is reasonable to suspect if it is a general relationship
for all the large inflation inflation models. Moreover, the
sound speed of tensor and scalar perturbations are af-
fected by the disformal coupling as well.
Although in [24–27] it is shown that the perturba-
tions are invariant under disformal transformations, it is
still interesting to investigate in Jordan frame, which can
show us the details of the dependence of parts of those
variables on the coupling, and how it is compensated in a
total. We expect it help us better understand the proper-
ties of those transformations and its applications to grav-
ity theory and cosmology. Moreover, the superluminal
behavior of the propagation speeds of scalar/tensor per-
turbations may also become a smoking gun. Although in
general the existence of the superluminal behavior does
not necessarily imply a violation of causality and forma-
tion of closed time-like curves (CTC) (see avoidance of
CTC in [64–68]), it deserves further investigation in a
general way. We will postpone these studies in future
works.
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Appendix A: Action in the Jordan Frame
In the appendix, we will give some detailed formulation
through which the Jordan frame action (5) is obtained.
From the metric transformation of (1) and (3), one can
first express the Christoffel symbol in Jordan frame as:
Γ˜µνρ = Γ
µ
νρ + γ
µ
νρ , (A1)
where
γµνρ = f
µ
νρ + ω
µ
νρ , (A2)
fµρσ =
1
2
(
gµν − 1
1 + u2
uµuν
)
[∇ρ(uνuσ) +∇σ(uνuρ)
−∇ν(uρuσ)] , (A3)
ωµρσ = δ
µ
ρ∇σ ln Ω + δµσ∇ρ ln Ω
−
(
gµν − 1
1 + u2
uµuν
)
(gρσ + uρuσ)∇ν ln Ω .(A4)
According to the definition of Ricci scalar: R =
gµνRµν = g
µν(Γαµν,α − Γαµα,ν + ΓαµνΓβαβ − ΓαµβΓβνα), and
after tedious calculation, we obtain the Ricci scalar:
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FIG. 5: Upper panel: The evolution of the slow-roll parameter , the e-folding number N as well as the sound speed squared of
tensor perturbation c2T of monodromy inflation model, with φ0 ' 8.96mp, φ˙0 ' −1.56 × 10−6m2p, and blue, orange and green
lines correspond to M = −108m−4p , M = −109m−4p , −2× 109m−4p , respectively. Down panel: The scalar power spectrum PS ,
its spectral index nS and tensor/scalar ratio r as functions of the parameters ξ and M .
R˜ = Ω−2
{
R− 2g(φ)
2
1− 2g(φ)2XRµν∇
µφ∇νφ+ g(φ)
2
1− 2g(φ)2X [(2φ)
2 − (∇µ∇νφ)(∇µ∇νφ)]
+
2g(φ)4
(1− 2g(φ)2X)2 [(∇µX)(∇
µX) + (∇µφ)(∇µX)2φ] + 8Aφ(φ)B(φ)X −A(φ)(3Aφ(φ) + 2Bφ(φ)X)
A(φ)2(1− 2g(φ)2X)2 2φ
−4Aφ(φ)B(φ)−A(φ)Bφ(φ)
A(φ)2(1− 2g(φ)2X)2 (∇µφ)(∇
µX)− 3Aφ(φ)X(Aφ(φ)− 2Bφ(φ)X)
A(φ)2(1− 2g(φ)2X)2 +
6Aφφ(φ)X
A(φ)(1− 2g(φ)2X)
}
. (A5)
Therefore, action (2) can be transformed to the form:
SJ =
∫
d4x
√−g
{
m2p
2
A(φ)
√
1− 2g(φ)2Xf(φ)R− m
2
p
2
g(φ)2A(φ)f(φ)√
1− 2g(φ)2X [(2φ)
2 − (∇µ∇νφ)(∇µ∇νφ)]
+
m2p
2
[
2GφX − −8Aφ(φ)B(φ)X +A(φ)(3Aφ(φ) + 2Bφ(φ)X)
A(1− 2g(φ)2X)3/2 f(φ) +H
]
2φ−m2pHφX
−3m
2
p
2
Aφ(φ)f(φ)X(Aφ(φ)− 2Bφ(φ)X)
A(φ)(1− 2g(φ)2X)3/2 +
3m2pAφφ(φ)f(φ)X√
1− 2g(φ)2X + ω(φ)A(φ)
X√
1− 2g(φ)2X
−V (φ)A(φ)2
√
1− 2g(φ)2X
}
+ S[gµν , ψ] , (A6)
where we defined
G(φ,X) =
∫
2g(φ)4A(φ)f(φ)
(1− 2g(φ)2X)3/2 dX
=
2g(φ)2A(φ)f(φ)√
1− 2g(φ)2X , (A7)
H(φ,X) =
∫ [
Gφ +
4Aφ(φ)B(φ)−A(φ)Bφ(φ)
A(φ)(1− 2g(φ)2X)3/2 f(φ)
]
dX
=
3Aφ(φ)f(φ)√
1− 2g(φ)2X −
(
Aφ(φ)
A(φ)
+
Bφ(φ)
B(φ)
+ 2
fφ(φ)
f(φ)
)
×A(φ)f(φ)
√
1− 2g(φ)2X . (A8)
Note that when A = 1, such action can be reduced to
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FIG. 6: ns-r constraints on monodromy inflation. The black
arrows represent the direction of |M | growth. The pink re-
gion represents TT,TE,EE+lowE+lensing+BK15+BAO data
constraints (68% and 95% CL) for ns and r from 2018 Planck
Collaboration data [60]. Here we choose N = 60, and λ is set
as 10−7, 10−8, 10−9, and 10−10, respectively. P (M=0)S means
the value of PS when M = 0.
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